In this note we study the topology of 3-dimensional initial data sets, with horizons, of a sort associated with asymptotically locally anti-de Sitter spacetimes. We show that, within this class, those initial data sets which contain no (immersed) marginally outer trapped surfaces in their interior must have simple topology in a suitable sense. The results obtained here extend results in [10] to the case of higher genus ends.
Introduction
One of the interesting features of general relativity is that it allows a priori the topology of space to be anything. In fact, as was shown in [16] , given an asymptotically flat initial data set of arbitrary topology, there always exists a solution to the vacuum Einstein constraint equations. However, according to the principle of topological censorship, the topology of the domain of outer communications (DOC), i.e. the region outside of all black holes (and white holes), should, in a certain sense, be simple. Roughly speaking, results on topological censorship [11, 12, 13, 5] show that, under suitable energy and causality conditions, the topology of the DOC (at the fundamental group level) cannot be more complicate than the topology at infinity. In particular, in the asymptotically Minkowskian case, the DOC must be simply connected. However, the results alluded to here are spacetime results, i.e., they involve conditions that are essentially global in time. In [10] a result on topological censorship was obtained at the pure initial data level for asymptotically flat initial data sets, thereby circumventing difficult questions of global evolution; cf. [10, Theorem 5.1] .
The aim of this note is to extend this result to 3-dimensional initial data sets which arise in asymptotically locally anti-de Stter (ALADS) spacetimes. Examples of such are the generalized Kottler spacetimes [4, 18, 6] , which are solutions to the vacuum Einstein equations with negative cosmological constant. These solutions have spacetime ends and event horizons with arbitrary (but equal) genus. Cauchy surfaces for the DOC have product topology. Here we will establish conditions on ALADS initial data sets, similar to those in [10] , which imply product topology. The proofs rely on existence results for marginally outer trapped surfaces, as well as our current understanding of 3-manifolds. Results in [7] will play a key role in establishing product topology.
In Section 2 we present some preliminary material. Our main results are presented in Section 3.
Preliminaries
We begin with some basic definitions and important facts about 3-manifolds. Let V be a compact 3-manifold without spherical boundary components.
1 V is said to be irreducible provided every embedded 2-sphere in V bounds a ball in V .
A surface Σ embedded in V is said to be compressible if there exists an embedded disk D ⊂ V such that D ∩ Σ = ∂D and ∂D does not bound a disk in Σ; such a disk is a compressing disk for Σ. A surface that is not compressible is incompressible. It is a fundamental consequence of the Loop Theorem [19] that Σ is incompressible if and only if the map on fundamental groups i * :
If Σ is a compressible surface in V and D is a compressing disk for Σ, then D has a collar neighborhood
, and the compression of Σ along D is the surface Σ = (Σ ∪ ∂N (D)) − (Σ ∩ N (D)). If moreover Σ is a component of ∂V , then this compression produces the submanifold V = V − N (D). Observe that V may be recovered from V by attaching a 3-dimensional 1-handle along Σ ; the compressing disk is its co-core.
From Theorem 10.5 in [14] , together with the positive resolution of the Poincaré Conjecture, we have the following algebraic criterion for V to be an I-bundle (where I is the interval [0, 1]). Theorem 2.1. Let V be a compact, connected, orientable 3-manifold without spherical boundary components, and Σ an incompressible boundary component. If the index,
and V is a twisted I-bundle over a compact non-orientable surfaceΣ with Σ the associated 0-sphere bundle.
A group G is said to be residually finite if for each non-identity element g ∈ G, there is a normal subgroup N of finite index such that g / ∈ N . It follows from work of Hempel [15] , together with the positive resolution of the geometrization conjecture, that the fundamental group of every compact 3-manifold V is residually finite; see e.g., [3] . Hence, by basic covering space theory, if π 1 (V ) = 0 then V admits a finite coverṼ . (If π 1 (V ) were finite, one could simply take the universal cover. Residual finiteness becomes important when π 1 (V ) is infinite.)
We now consider some basic definitions and facts about marginally outer trapped surfaces in initial data sets; for background, see e.g., [1] . Let (V, 3 h, K) be a 3-dimensional initial data set in a spacetime (M 4 , g), i.e., V is a spacelike hypersurface in M with induced (Riemannian) metric h and second fundamental form K. To set sign conventions, for vectors
where ∇ is the Levi-Civita connection of M and u is the future directed timelike unit normal vector field to V .
Let Σ be a closed (compact without boundary) two-sided hypersurface in V . Then Σ admits a smooth unit normal field ν in V , unique up to sign. By convention, refer to such a choice as outward pointing. Then l + = u + ν (resp. l − = u − ν) is a future directed outward (resp., future directed inward) pointing null normal vector field along Σ, unique up to positive scaling.
Associated to l + and l − , are the two null second forms, χ + and χ − , respectively, defined as,
The null expansion scalars (or null mean curvatures) θ ± of Σ are obtained by tracing χ ± with respect to the induced metric γ on Σ, θ ± = tr γ χ ± = div Σ l ± . Physically, θ + (resp., θ − ) measures the divergence of the outgoing (resp., ingoing) light rays emanating from Σ. The null expansion scalars can be expressed solely in terms of the initial data of the initial data (V, g, K). We have θ ± = tr γ K ± H, where H is the mean curvature of Σ within M . In particular, in the time-symmetric case, i.e., when K = 0 (and hence V is totally geodesic in (M, g)), θ + is just the mean curvature of Σ in V .
In regions of spacetime where the gravitational field is strong, one may have both θ − < 0 and θ + < 0, in which case Σ is called a trapped surface. The concept of a trapped surface plays a key role in the Penrose singularity theorem.
Focusing attention on the outward null normal only, we say that Σ is an outer trapped surface if θ + < 0. Finally, we define Σ to be a marginally outer trapped surface (or MOTS) if θ + vanishes identically. Note that in the time-symmetric case, a MOTS is simply a minimal hypersurface in V . In this sense MOTSs may be viewed as spacetime analogues of minimal surfaces. Physically, MOTSs represent an extreme gravitational situation. Under appropriate energy and causality conditions, their presence in an initial data set signals the existence of a black hole. Moreover, for stationary (steady state) black hole spacetimes, cross sections of the event horizon are MOTSs. Now consider a 3-dimensional initial data set (V, h, K), where V is compact with boundary. We say that a component Σ of ∂V is null mean convex if it has positive outward null expansion, θ + > 0, and negative inward null expansion, θ − < 0. Note that round spheres in Euclidean slices of Minkowski space are null mean convex.
The basic existence results for MOTSs (see [1] and references therein) imply the following result, which will be needed in the proofs of our main results.
Lemma 2.2. Let (V, h, K) be a 3-dimensional initial data set, where V is a compact 3-manifold with boundary. Suppose that the boundary can be expressed as a disjoint union, ∂V = Σ 0 ∪ Σ 1 , such that each component of Σ 0 is a MOTS (with respect to either the inward pointing or outward pointing null normal) and each component of
Lemma 2.2 is a consequence of the basic existence result for MOTSs obtained in [2] ; cf. [2, Theorem 3.1]. Moreover, as will be needed here, this existence result extends to the case of weak (nonstrict) barriers as described in [2, Section 5]. We note also that Lemma 2.2 holds for initial data sets up to dimension seven, as a consequence of the higher dimensional existence results for MOTSs obtained [8, 9] .
Proof of Lemma 2.2. The argument is essentially contained in the proof of [10, Theorem 5.1]. Suppose Σ 1 has more than one component. Then we may express ∂V as a disjoint union, ∂V = Σ in ∪ Σ out , such that θ + ≤ 0 along the components of Σ in , with respect to the inward pointing null normal, and with strict inequality on some component, and such that θ + ≥ 0 along the components of Σ out , with respect to the outward pointing null normal, and with strict inequality on some component. Under these barrier conditions [2, Theorem 3.1 and Section 5] implies the existence of a MOTS Σ in V homologous to Σ 0 . Because of the strict barrier component, at least one component of Σ must be disjoint from Σ 0 and is thus contained in V \ Σ 0 , contrary to our assumptions. Hence, Σ 1 must be connected.
A slightly more general notion of MOTS was introduced in [10] , and will be needed for our main results. Definition 2.1. Given an initial data set (V, g, K), we say that a subset Σ ⊂ V is an immersed MOTS if there exists a finite cover p :Ṽ → V and a MOTSΣ inṼ with respect to the pulled-back data (p * h, p * K), such that p(Σ) = Σ.
A simple example of an immersed MOTS (that is not a MOTS) occurs in the so-called RP 3 geon [11, 10] . The RP 3 geon is a globally hyperbolic spacetime that is double covered by the extended Schwarzschild spacetime. Its Cauchy surfaces have the topology of RP 3 minus a point. The Cauchy surface that is covered by the T = 0 slice in the extended Schwarzschild spacetime has one asymptotically flat end (identical to an end in the Schwarzschild slice), and contains a projective plane Σ that is covered by the unique minimal sphereΣ in the Schwarzschild slice. Since Σ is not two-sided, it is not a MOTS. However, since the slice T = 0 is totally geodesic, Σ is a MOTS, and hence Σ is an immersed MOTS.
The Main Result
Consider a 3-dimensional initial data set (V, h, K), where V is a compact 3-manifold with boundary ∂V = Σ 0 ∪ Σ 1 , such that the components of Σ 0 and Σ 1 are orientable surfaces with no sphere components. In the present context we are to think of V as a compact spacelike hypersurface in the DOC of an ALADS black hole spacetime, with Σ 0 corresponding to a cross section of the event horizon and Σ 1 corresponding to a surface"near infinity". At the initial data level, we represent Σ 0 by a marginally outer trapped surface (MOTS), and Σ 1 by a null mean convex hypersurface. The null mean convexity condition follows from physically natural asymptotics in the ALADS setting; cf., [5] . Moreover, since under suitable circumstances, there can be no (immersed) MOTSs 2 in the DOC, we will adopt this as an assumption on V \ Σ 0 .
The following is our main result. For a closed orientable surface Σ, we let g(Σ) denote the sum of the genera of the components of Σ. Then Σ 1 is connected and one of the following holds.
(ii) Σ 0 has multiple components, g(Σ 0 ) = g(Σ 1 ), and V is diffeomorphic to Σ 0 ×[0, 1] with 1-handles attached to Σ 0 × {1}.
(iii) Σ 0 may have multiple components, g(Σ 0 ) < g(Σ 1 ) and V is diffeomorphic to
Note that in all three cases, g(Σ 0 ) ≤ g(Σ 1 ). This is consistent with the genus inequality obtained in [13, Theorem 4.1] in the spacetime setting, as well as a more restrictive inequality obtained in [17] . Theorem 3.1 gives a complete description of 2 Such a surface would be visible from timelike infinity, but there are arguments precluding that possibility (see e.g., [20, 5] ).
3 Thus we are allowing for both black holes and white holes. the possible topologies when this inequality is saturated and when it is strict. Remark: If in this corollary, Σ 1 is assumed to be a torus, then the assumption that Σ 0 be connected is unnecessary. Indeed, conclusions (ii) and (iii) of Theorem 3.1 imply that Σ 1 has genus strictly greater than 1. Theorem 3.1 follows from Lemmas 3.3 and 3.4 presented below. Lemma 3.3 establishes properties of V that make explicit use of the geometric assumptions, e.g, that there are no immersed MOTSs in V \ Σ 0 . Lemma 3.4 is a pure topological result derived from a key result in [7] . (ii) There are no non-separating closed surfaces in any finite cover of V .
(iii) V is irreducible.
(iv) Σ 0 is incompressible.
(v) Σ 1 is connected.
Proof. We show that if any one of (i), (ii), (iii), (iv) is not satisfied, then there exists a finite cover p :Ṽ → V such that p −1 (Σ 1 ) is not connected. Consequentially, Lemma 2.2 then implies that there is an immersed MOTS in V \ Σ 0 , contrary to assumption. We immediately obtain (v) by taking the trivial cover in Lemma 2.2.
(i) If V is non-orientable, then V has an orientable double cover. For such covers, each boundary component of ∂V , since assumed orientable, lifts to two components. In particular, the lift of Σ 1 is not connected.
(ii) Assume S is a non-separating closed surface in V . Without loss of generality we may assume S is connected. Form a double cover p :Ṽ → V as follows: Let W be the result of cutting V open along S. Observe that ∂W = ∂V ∪S whereS is the double cover of S arising as the boundary of a collar neighborhood of S in V . Let φ :S →S be the corresponding deck translation. Then let (W i ,S i ) be a copy of (W,S) for each i = 1, 2 and formṼ = W 1 ∪ W 2 /φ whereφ :S 1 →S 2 is the orientation reversing homeomorphism induced by φ. By construction p −1 (Σ 1 ) is not connected. If instead S were a non-separating closed surface in a finite cover V of V , then as above there would be a double coverṼ of V . Composing these covers gives a finite cover p :Ṽ → V for which p −1 (Σ 1 ) is not connected. (iii) Assume V is reducible. Since ∂V = ∅, this implies V = V #V is a non-trivial connected sum. (The only prime but reducible 3-manifolds are S 1 × S 2 and S 1× S 2 .) Since Σ 1 is connected, it is a boundary component of, say, V . Since, as discussed in Section 2, every compact 3-manifold is residually finite, V has a cover of finite index k > 1. This induces a finite cover p :Ṽ → V in which the V summand lifts to k disjoint copies. Hence p −1 (Σ 1 ) is not connected. (iv) Assume Σ 0 is compressible. Thus there is a compressing disk D for Σ 0 , and D is necessarily disjoint from Σ 1 . If D is non-separating in V , then we may form a double cover as in (ii) with D playing the role of S. On the other hand, if D separates V into V and V where Σ 1 is a boundary component of V (recall that Σ 1 is connected), then we may form a finite cover of V extending a finite cover of V as in (iii). In either case, Σ 1 lifts to a disconnected surface.
Lemma 3.4. Let V be a compact, connected, orientable, irreducible 3-manifold with ∂V = Σ 0 ∪ Σ 1 such that Σ 1 is connected, Σ 0 is incompressible and potentially disconnected, and ∂V has no sphere components. Assume there are no non-separating closed surfaces in any finite cover of V .
Then, using |Σ 0 | to denote the number of components of Σ 0 ,
) and There is a finite cover p :Ṽ → V such that rk(H 2 (Ṽ )/incl * (H 2 (∂Ṽ ))) > 0. Hence, there is a nontrivial element of H 2 (Ṽ ) that is not homologous to any subset of boundary components. Such an element can be realized by a non-separating, closed, twosided surface S embedded inṼ , and this is contrary to our assumptions.
It is always possible to choose a minimal set of mutually disjoint compressing disks for Σ 1 such that the compressions of Σ 1 produces a manifold V ⊂ V with incompressible boundary Σ 0 ∪ Σ 1 . Let D 1 , . . . , D n be such a set. Then V may be recovered from V by attaching disjoint 1-handles h 1 , . . . , h n along Σ 1 ; the compressing disk D i may be identified with the co-core of the 1-handle h i . For each 1-handle h i , let d i and e i be the two disks in Σ 1 to which it is attached.
We claim that Σ 1 has no sphere components: Otherwise, since V is V with 1-handles attached, ∂V has no sphere components, and V is irreducible, a sphere component of Σ 1 would have to bound a 3-ball B in V (V \ V is just the 1-handles). Because Σ 0 = ∅ and Σ 1 is connected, there must be a 1-handle, say h, connecting ∂B to another component of Σ 1 . But then V ∪h∪B ∼ = V , implying that the compression corresponding to h was not necessary. This is contrary to the presumed minimality of our set of compressing disks.
Then since V is irreducible, so also must be V . However, it may be that V is disconnected even though V is connected. Let the components of V be W We now extend this to a finite covering of V in which S continues to be nonseparating. First extend p s to a degree k cover p :Ṽ → V whereṼ is the disjoint union ofW s with k copies of V \ W s and p |(Ṽ \W s ) is the trivial k-fold covering map. Then each of the disks d i and e i in Σ 1 (to which the handle h i is attached) has k preimages inΣ 1 ⊂ ∂Ṽ . Denote the preimage of d i asd i 1 ∪ · · · ∪d i k and the preimage of e i asẽ i 1 ∪ · · · ∪ẽ i k . For each i = 1, . . . , n, leth i 1 ∪ · · · ∪h i k be k disjoint 1-handles covering h i ; then for each j = 1, . . . , k, attach the 1-handleh i j toṼ along the disksd i j andẽ i j inΣ 1 . By construction, this gives a covering map p :Ṽ → V that restricts to our initial covering map p :Ṽ → V . In particular, S continues to be non-separating inṼ , contrary to our assumptions. 
